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To determine the fundamental sensitivity limit of an optical receiver one must have a complete
quantum mechanical description of the incoming signals, even if those signals are from “classical”
sources of light, i.e., ones whose photo-detection statistics with conventional receivers can be ex-
plained correctly using the shot-noise theory. In this work, we calculate the fundamental (quantum)
limit for discriminating between two types of classical states in the low photon number regime:
a coherent state, a pure-state quantum description of ideal (coherent) laser light with Poisson dis-
tributed photon statistics, and a thermal state, a (incoherent) mixed state with Bose-Einstein photon
statistics. The Helstrom bound for discrimination error probability for single mode measurement
is computed along with error probability bounds for direct detection, coherent homodyne detection
and the Kennedy receiver. The generalized Kennedy (GK) receiver is shown to closely approach
the Helstrom limit. We experimentally validate these results by generating coherent and thermal
light and demonstrate that for signal strengths n¯s > 0.01 photons/mode, using a GK receiver with
a quasi-photon-number resolving detector, we can approach quantum-limited discrimination perfor-
mance, out-performing the discrimination capability achievable with traditional optical sensors. We
demonstrate ∼ 17 dB improvement in discrimination sensitivity over direct detection using a GK
receiver, and an improvement of 17% in error probability over coherent detection at a mean signal
photon number n¯s = 0.4 photons/mode.
PACS numbers:
INTRODUCTION
Optimal discrimination of quantum states has emerged
as a rich and important topic in applications ranging from
the measurement of qubits and quantum registers in a
quantum computer [1] to codeword detection in photon-
starved communications links [7]. In most problems ex-
amined to date quantum state discrimination reduces to
a task of discriminating between pure quantum states,
relevant for the measurement of high-fidelity qubit states
in a quantum register, or the discrimination of laser states
in a communications channel. However, many practical
sensing tasks exist that require discrimination of mixed
states, such as passive sensing or active sensing in a noisy
environment. In these scenarios traditional techniques,
such as direct detection or coherent detection, are often
optimal or near-optimal for discrimination when signal
strengths are large, with mean photons number n¯S  1
photons per mode. When signal strengths are weak,
however, these traditional sensing techniques are often
sub-optimal, yielding little or no information about the
received state. In these scenarios, a full quantum me-
chanical treatment of the sensing problem is required to
determine the fundamental quantum limit of sensitivity
for measurement.
The seminal text by Helstrom [2] provides the frame-
work for calculating the ultimate sensitivity with which
an arbitrary set of quantum states can be discriminated
from one another. For measurement of a single copy of
a quantum state, described by density matrix ρi drawn
from a set {ρ1, ρ2, ... ρN}, the Helstrom bound gives the
minimum average error probability for discriminating be-
tween these candidate states given a set of known prior
probabilities for each individual state to occur. The Hel-
strom formula gives little insight, however, into how to
structure an apparatus to implement the measurement
to achieve this bound. For discrimination between pure
states structured receivers have been devised [3–5] and
demonstrated [6–9] in optical systems that have shown
to achieve or approach the Helstrom bound. A far less
investigated topic is the discrimination of mixed states.
Yoshitani computed the Helstrom bound for the detec-
tion of weak coherent light buried in a bright thermal
background [10] and compared the result against the clas-
sical limit. No structured receiver was proposed, how-
ever, to beat the classical limit and approach the Hel-
strom bound. More recently the quantum illumination
sensing protocol [11], which capitalizes on the resource of
quantum entanglement for state detection, has been ap-
plied for the discrimination of mixed states and a struc-
tured receiver has been proposed that can achieve the
quantum Chernoff bound for discrimination of the mixed
states under the two equally-likely hypotheses of the tar-
get being present or absent [12]. None of these structured
receivers achieve the Helstrom bound for discriminating
photon-starved mixed states at the quantum limit.
In this work we examine the simplest such problem
of discrimination between a coherent state, a pure quan-
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2FIG. 1: Schematic of the optical receiver. A signal ρS en-
ters the receiver and is measured by a meter, resulting in a
measurement result Ki. The measurement result is passed
through an estimator to determine ρˆR which is an estimate of
the signal the most likely value of ρS.
tum state corresponding to ideal laser light, and a ther-
mal state, a mixed quantum state, of a given optical
mode. Discrimination between coherent laser light and
thermal noise light in a photon-starved regime represents
a practical and important task-specific sensing challenge.
Distinguishing laser light from noise light is critical for
the operation and performance of laser warning receivers
charged with alerting a user when laser light is present,
while minimizing the false-alarm rate for the system to
be triggered by noise. Additionally, detecting and clas-
sifying signals from deep-space in the search for extra-
terrestrial life will be enhanced by characterizing weak
optical signals at the quantum limit. In the treatment
of the problem considered here we represent the coher-
ent state with density matrix ρcoh and the thermal state
with density matrix ρth. For a signal with optical band-
width W Hz, a time duration of τ seconds can contain
M ∼ W · τ orthogonal temporal modes. We pick a sin-
gle spatio-temporal mode of a given polarization, whose
quantum state is either ρcoh = |α〉〈α| (under Hypothe-
sis 1) or ρth =
∑∞
n=0
n¯n
(n¯+1)n+1 |n〉〈n| (under Hypothesis
2). For the coherent state, |α〉 = ∑∞n=0 e−|α|2/2 αn√n! |n〉,
|α|2 = n¯, α ∈ C. Here |n〉 is a Fock state (state of ex-
actly n photons) and the Fock states of n = 0, 1, 2, . . . ,∞
photons span the Hilbert space of all states of a bosonic
mode. These states can be written sufficiently well in
alternative bases, such as the quadrature basis, but the
Fock state basis provides intuition for the experimental
implementation that will be presented in section .
This sensing problem is simplified from the most gen-
eral one possible in that we assume that we know (1)
n¯S, the mean photon number per mode in the received
signal ρS for either hypothesis, and (2) in the event that
the received state is a coherent state, we have a stable
phase reference for ρcoh. It has been shown, recently, that
relaxing such stringent assumptions still results in large
improvements for quantum sensing approaches [13].
QUANTUM BOUNDS ON DISCRIMINATION
With a full quantum mechanical description of this
binary detection problem in hand we can directly cal-
culate the fundamental quantum limit for discrimina-
tion between the candidate signals entering the receiver.
We calculate the error probability Perr for discriminat-
ing the single-mode states ρcoh and ρth, assuming equal
prior probabilities. The quantum-limited minimum er-
ror probability is given by the Helstrom bound, PHerr =
1
2
(
1− 12 ||ρth − ρcoh||1
)
[2]. This fundamental limit to
Perr is calculated as a function of the signal strength
n¯S . The Helstrom bound provides a quantitative limit
on minimum error probability but provides no guidance
about the design of the optical receiver that can achieve
this bound in practice. To compare PHerr against bounds
achievable with known receivers we consider three struc-
tured optical detection strategies to compare against this
quantum bound and calculate their respective discrimi-
nation error probabilities as a function of n¯S . The strate-
gies evaluated are: direct detection (PDDerr ), homodyne
detection (PHDerr ) and coherent detection with a Kennedy-
style receiver [15] operated in its standard (PKerr) and gen-
eralized (PGKerr ) modes. For the calculations, each receiver
will be assumed to be operating at its quantum-noise
limit.
Direct detection is assumed to be ideal mode-resolved
photon number resolving detection, which reports the
number of photons in the detected mode [14]. Ideal
coherent homodyne detection mixes the incoming light
with a phase-referenced, strong coherent-state local oscil-
lator (perfectly mode-matched with the signal) in a 50:50
beamsplitter, detects both outputs of the beamsplitter
using ideal photodetectors (quantum-noise-limited inten-
sity measurement), difference amplifies the two photocur-
rents and integrates over the mode duration. A dia-
gram of the ideal implementation of the Kennedy and
GK receivers is shown in figure 2(a). The Kennedy re-
ceiver displaces the incoming signal in the phase space
by −(α + β) by mixing the input light into a highly
transmissive beamsplitter of transmissivity κ ≈ 1 with
a coherent state local oscillator ρLO = |αLO〉〈αLO| with
αLO = −(α+β)/
√
1− κ, and detects the output with an
ideal photon counter. The displacement requires a priori
knowledge of the complex amplitude α, i.e., requires both
an amplitude and phase reference of the received state ρS .
The receiver thus displaces the coherent state |α〉 to an-
other coherent state | − β〉 and displaces the zero-mean
thermal state to a thermal state with mean −(α + β).
The Kennedy receiver uses β = 0, whereas the general-
ized Kennedy receiver chooses β optimally to minimize
the average error probability for discrimination. For each
receiver, we do a Bayesian analysis to generate the esti-
mator to calculate the most likely of the two sources to
have produced the receiver’s measurement result K. The
average probabilities of error achieved by each of these
receivers, plotted as a function of n¯S , are shown as solid
lines in Fig. 3(b) [16]. No structured receiver is known
that can exactly attain the Helstrom limit for all values
of n¯S . However, the generalized Kennedy receiver has
an error probability that is within 2.4% of the Helstrom
bound for all values of n¯S .
3EXPERIMENTAL MEASUREMENT
To validate the performance of these candidate re-
ceivers we constructed a laboratory setup to generate
both coherent state and thermal state light and per-
form discrimination experiments implementing three of
the candidate receivers. The measurement setup for ex-
perimentally validating our error discrimination bounds
is shown in figure 2(b). A narrow linewidth, continuous
wave laser (Toptica DL100 Pro), operating at λ = 780
nm is used as the optical source to generate both the co-
herent state signal ρcoh and the local oscillator reference
ρLO for the Kennedy and GK receiver. The pump laser
is coupled to a 50 : 50 fiber beamsplitter, generating two
output beams which we designate ρcoh and ρLO. The sig-
nal beam is sent through a half-wave plate in free space
where we set the polarization to match that of the LO.
The local oscillator arm is sent through a variable optical
attenuator in single-mode fiber, allowing us to vary the
amplitude β to minimize the final detection error proba-
bility.
To generate the thermal state ρth, we constructed a
setup following [17, 18] to create a narrowband source
of pseudo-thermal light. The pump laser illuminated a
rotating diffuse reflector and the scattered light from the
diffuser was collected by a lens coupling it to a single-
mode optical fiber directed toward the signal arm of our
experimental setup. The overall efficiency of our pseu-
dothermal source was very low ( 10−6), due to the weak
coupling of the diffuse light into the optical fiber. The
polarization of the light from the laser source was pre-
served through the scattering process, and a half wave
plate was used to adjust the polarization direction of the
pseudothermal state. The selective spatial filtering from
the single-mode optical fiber resulted in residual coher-
ence in the thermal state which was accounted for during
the local oscillator mixing process during state prepara-
tion.
The Kennedy and GK receivers are implemented by
mixing the signal and LO beams on the second 50 : 50
fiber beamsplitter, and one of the output ports is di-
rected toward an optical bandpass filter, with bandwidth
δλ = 10 nm to reject environmental noise before irradiat-
ing a single photon detector. We characterized the mode
matching that could be achieved within the Kennedy re-
ceiver and measured an extinction > 18 dB when the
intensities of the LO and signal were matched. This im-
perfect extinction is likely due to polarization mismatch
between the modes and ultimately limits the performance
of the GK receiver for discrimination. Ideally, the beam-
splitter used to implement the GK receiver would have
high transmissivity in the signal port (κ ≈ 1)[15] (as il-
lustrated in figure 2(a)), however, this would result in ex-
tremely low reflectivity in the LO arm of the GK receiver,
and the pump laser utilized in the experiment provided
insufficient optical power to support such a configura-
tion. Instead, we used a 50:50 beamsplitter and adjusted
the optical powers of the signal and LO appropriately to
compensate, such that the light incident on the detec-
tor is exactly what would be if we were to implement a
true coherent displacement with a κ ≈ 1 beamsplitter, as
required by the GK receiver.
A quasi-photon number resolving (qPNR) detector
was implemented by making time-resolved measurements
of single photon events within a τs = 1µs measure-
ment window. A Perkin-Elmer Si avalanche photodiode
SPD (SPCM-AQR-14) was used to count photon detec-
tion events. The minimum detection time (1/maximum
counting rate) for this detector is τD ∼ 50 ns. By en-
suring that ζ = τDτs << 1 and ζ · n¯s << 1, a detection
event by the SPD can be approximated as a projection
onto the |n = 1〉 Fock basis state within the time inter-
val τD. The output from the SPD was directed toward
an oscilloscope (Tektronix MDO4104) which records the
number of single photon detection events that are made
within τs and yields a measurement projecting onto the
Fock basis |n = nˆi〉, which is used as the measurement
result Ki in our estimator (Fig. 1).
Experimental Results
The plots shown in Fig. 2(c) and 3(a) illustrate rep-
resentative data for the direct detection receiver and the
Kennedy and GK receivers, respectively. To character-
ize the direct detection receiver, ρcoh and ρth were each
directed toward the qPNR detector, and photon count
statistics were collected over 1000 measurement trials.
Fig. 2(c) shows the probability distributions for pho-
ton detection measurements for coherent state light (blue
dots) and thermal state light (red dots) with correspond-
ing theoretical distributions of Poisson and Bose-Einstein
statistics, respectively. The data shows excellent agree-
ment with the theoretical predictions. Next, we imple-
mented the Kennedy and GK receivers by mixing the
signals with the coherent state LO prior to detection
with the qPNR detector. Photon detection events are
recorded from the qPNR detector and used to make an
estimate of the state received. When the state ρcoh is
mixed with ρLO in the receiver beamsplitter, the resulting
output state is also a coherent state, exhibiting Poisson
distributed photostatistics. When the thermal state ρth
is mixed with ρLO the resulting photostatistics exhibit
a Laguerre distribution [2]. Figure 2(c) shows a mea-
sured Laguerre distribution (black dots) and theoretical
fit (black line) of the qPNR statistics on a single-mode
displaced thermal state of mean photon number 1, ob-
tained by applying a real-valued coherent displacement
β, |β|2 = 0.9 to a zero-mean thermal state with mean
photon number n¯th = 0.1. The error probability Perr
is computed from these normalized experimental distri-
4FIG. 2: (a)Diagram of the ideal implementation of the generalized Kennedy receiver. The signal enters the input port
of a beamsplitter with high transmissivity (T ), where it is mixed with a local oscillator with can be optimized with phase
modulation (ΦM) and amplitude modulation (AM). The resulting state is directed toward a photon number resolving detector
for measurement. (b) Experimental setup for validating the error bounds for discrimination. The dark gray region outlines the
GK receiver. The components identified in the design are: (VOA) variable optical attenuator, (FC) fiber collimator, (HWP)
half-wave plate, (OF) optical filter and (SPD) single photon detector. The dark red dashed lines indicate that measurements
were made with ρS in the signal port provided by either the coherent source, or the thermal source. We swapped between
the two sources by exchanging fiber inputs to the receiver signal port. (c) Photon counting statistics for coherent (blue) and
thermal (red) light sources, and a mixture of 90% coherent light with 10% thermal light to generate a Laguerre distribution
(black). For all three measurements the mean photon number of the signal was n¯S = 1 photon.
butions. For a value n¯S we calculate the two photon
counting distributions P (ρˆR = ρS|K = n), for each re-
ceiver and we use these distributions to implement our
estimator. For a single measurement K = n we deter-
mine the most likely distribution from which this mea-
surement was drawn and estimate the received state as
ρˆR = ρS. The discrimination error probability is calcu-
lated as the fraction of times this decision results in an
error.
The results of our experimental measurements for the
three different receiver implementations are shown in fig-
ure 3. The direct detection receiver used the qPNR detec-
tor to directly count photons from the states ρcoh and ρth
as a function of the mean photon numbers of the states.
Collecting N = 103 1 µs trials detecting ρcoh and ρth we
constructed experimental photon counting distributions,
such as those shown in figure 2(c). The theoretical and
measured error probability for direct detection is shown
in the magenta solid line and diamonds, respectively.
For the Kennedy and GK receivers, the strategy for
generating the estimator is unchanged, but the photon
counting statistics must account for the mixing of the LO
beam with the signal beam in the beamsplitter. When
ρS = ρcoh mixes with the LO, the output is a displaced
coherent state with Poisson statistics. When ρS = ρth
mixing with the coherent state LO generates photon
statistics with a Laguerre distribution[2, 19]. Figure 3(a)
shows an example of the theoretical and measured error
probabilities, as a function of the LO intensity, for three
different values of signal strength: n¯S = 0.02, 0.03 and
0.05 photons per mode. In fig. 3(a), the data point cor-
responding to n¯LO = n¯S is the measured error rate P
K
err
for the Kennedy receiver. As n¯LO is increased the error
probability decreases until it reaches a minimum error
rate. This minimum error PGKerr is the operating point for
the GK receiver. We selected the measured minimum er-
5ror as the data point corresponding to the theoretically
predicted value of n¯LO that yields the minimum error.
As n¯LO is increased beyond the value achieving P
GK
err , the
measured error probability increased more steeply than
predicted by the theory (solid curves). This is likely due
to imperfect phase matching between the LO and the
signal, seen previously in [7].
The blue diamonds in figure 3(b) are the experimental
results PKerr for the Kennedy receiver, closely matching
the theoretical prediction (solid blue line). The black di-
amonds are the experimental results PGKerr plotted against
the theoretical prediction for the performance of the GK
receiver (black solid line). The measured PGKerr closely
matches the theoretical predicted performance of the re-
ceiver. At higher values of n¯S the measured P
GK
err deviates
from the predicted value slightly, due to the phase mis-
match identified between signal and LO identified above.
At all points over our measured range of n¯S, P
GK
err <
PKerr < P
DD
err . We show that the Kennedy and GK re-
ceivers are measured to outperform the calculated sen-
sitivity of a homodyne receiver at n¯S = 0.25 and n¯S =
0.02, respectively. At a value n¯S = 0.4 photons, the
GK receiver outperforms direct detection by a factor of
∼ 48% in error probability and outperforms the homo-
dyne receiver by a factor of ∼ 17%. For an error probabil-
ity PGKerr = P
DD
err = 0.45, the GK receiver yields an ∼ 17
dB improvement in sensitivity over direct detection. At
an error probability PGKerr = P
HD
err = 0.25, the GK receiver
gives a 2x improvement in sensitivity over the calculated
performance of shot-noise limited homodyne detection.
DISCUSSION
In this work, we considered the problem of discrimi-
nating the coherent state |α〉 and the thermal state ρth
of a given optical mode, of a given mean photon num-
ber n¯S per mode. We evaluated the Helstrom (quan-
tum) limit of minimum probability of error achievable
with any physically-permissible receiver design. Further,
we proposed a receiver for this task inspired by a gen-
eralization of Kennedy’s receiver for discriminating two
coherent states. Our generalized Kennedy (GK) receiver
applies a coherent amplitude displacement of −(α+β) to
the quantum state of the received mode prior to detect-
ing it using photon number resolving (PNR) detection.
Instead of ‘nulling’ the coherent state hypothesis (dis-
placing it to vacuum) as the original Kennedy receiver
did, the GK receiver over-displaces it to the coherent
state | − β〉, if the coherent state |α〉 was received. If
the received mode was excited in the (zero-mean) ther-
mal state, the GK receiver displaces it to a thermal state
of mean −(α + β). If one were to detect the optical
mode directly (without applying the displacement) us-
ing PNR detection, the coherent state would produce a
random number of clicks that follows a Poisson distribu-
tion of mean n¯S = |α|2, whereas the thermal state would
produce a number clicks following a Bose-Einstein (ge-
ometric) distribution of mean n¯S. For the GK receiver,
which does PNR detection after the displacement is ap-
plied, the coherent state hypothesis produces clicks with
a Poisson distribution of mean |β|2, whereas the ther-
mal state hypothesis produces a number of clicks that
follows a Laguerre distribution. We showed that the GK
receiver outperforms ideal direct (PNR) detection, and
approaches the Helstrom limit very closely. The GK re-
ceiver is asymptotically optimal as n¯S →∞, yet, its error
probability is within 2.4% of the Helstrom limit for all n¯S.
We realized the GK receiver in a proof-of-concept ex-
periment. We characterized the pre-displacement and
post-displacement PNR detection statistics for both hy-
potheses, and corroborated with theory. We then demon-
strated the improvement in the average error probability,
by using the n¯S-dependent optimized displacement am-
plitude. The experimental data in fig. 3(a) shows that
the error probability improvement provided by the GK
receiver is quite robust against fluctuations in the ampli-
tude and phase of the local oscillator (LO) signal used to
implement the displacement.
One important follow on for this work is to extend
this receiver concept for the general problem of classi-
fying light, one that has numerous applications ranging
from astronomical imaging, fluorescence microscopy and
remote sensing, to tactical applications. The first step
in doing so is to relax the assumptions on the prior in-
formation about the quantum state of the optical signal.
One possibility to explore is an adaptive receiver where
the first stage of the receiver uses a conventional optical
receiver (e.g., PNR or homodyne detection) to do par-
tial tomography of the unknown signal, and adapts to a
second stage that applies a pre-detection optical transfor-
mation (e.g., displacement, and squeezing) that is opti-
mized to the partial knowledge about the signal acquired
during the first stage.
While the GK receiver approaches, but does not ex-
actly meet, the Helstrom bound for error probability for
the single-shot state discrimination problem we consider
here, we showed that it is optimal for achieving the quan-
tum Chernoff bound exactly [16], a quantity that charac-
terizes the optimal error probability exponent for multi-
copy state discrimination. An interesting topic for in-
vestigation is why different receiver designs are optimal
for single-copy and multi-copy state discrimination. Ex-
amination of this sensing problem is an initial foray into
advances in general sensing and discrimination of multi-
mode mixed bosonic states, with practical applications
to a wide range of problems in photon-starved photonic
sensing scenarios.
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